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1. Introduction

The open XXZ quantum spin chain has played a fundamental role in the study of quan-

tum integrable systems with various boundary interactions, which appeared in statistical

mechanics, condensed matter and quantum field theory. Although the special case of diag-

onal boundary terms was solved long ago [1 – 3], Bethe Ansatz solutions for non-diagonal

boundary terms where the boundary parameters obey some constraints have been pro-

posed only recently by various approaches [4 – 9]. It is found that in order to obtain the

complete spectrum of the model two sets of Bethe Ansatz equations and consequently two

sets of eigenvalues are needed [10, 9], in contrast with the diagonal boundary case [3]. This

suggests that in the framework of algebraic Bethe Ansatz there should exist two reference

states (or pseudo-vacuum states) corresponding to the two sets of Bethe Ansatz equations

and eigenvalues. However, to our knowledge only one reference has been constructed so

far [5, 6]. Moreover, the explicit expressions of the complete reference states and asso-

ciated Bethe states are of great importance for investigating correlation functions of the

model [11].

In this letter we study the second reference state of the open XXZ spin chain with

non-diagonal boundary terms and construct the complete eigenstates of the model in the

framework of algebraic Bethe Ansatz. In the quasi-classical limit, they give the complete

eigenstates of the associated Gaudin model.

– 1 –



J
H
E
P
0
4
(
2
0
0
7
)
0
4
4

2. The inhomogeneous spin-1
2

XXZ open chain

Throughout, V denotes a two-dimensional linear space and σ±, σz are the usual Pauli

matrices which realize the spin-1
2 representation of the Lie algebra sl(2) on V . The spin-1

2

XXZ chain can be constructed from the well-known six-vertex model R-matrix R(u) ∈

End(V ⊗ V ) [11] given by

R(u) =











1

b(u) c(u)

c(u) b(u)

1











. (2.1)

The coefficient functions read: b(u) = sinu
sin(u+η) , c(u) = sin η

sin(u+η) . Here we assume η being

a generic complex number. The R-matrix satisfies the quantum Yang-Baxter equation

(QYBE),

R12(u1 − u2)R13(u1 − u3)R23(u2 − u3) = R23(u2 − u3)R13(u1 − u3)R12(u1 − u2), (2.2)

and the unitarity, crossing-unitarity and quasi-classical properties [6]. We adopt the stan-

dard notations: for any matrix A ∈ End(V ) , Aj is an embedding operator in the tensor

space V ⊗ V ⊗ · · ·, which acts as A on the j-th space and as identity on the other factor

spaces; Rij(u) is an embedding operator of R-matrix in the tensor space, which acts as

identity on the factor spaces except for the i-th and j-th ones.

One introduces the “row-to-row” monodromy matrix T (u), which is an 2 × 2 matrix

with elements being operators acting on V ⊗N , where N = 2M (M being a positive integer),

T0(u) = R01(u + z1)R02(u + z2) · · ·R0N (u + zN ). (2.3)

Here {zj |j = 1, . . . , N} are arbitrary free complex parameters which are usually called

inhomogeneous parameters.

Integrable open chain can be constructed as follows [3]. Let us introduce a pair of

K-matrices K−(u) and K+(u). The former satisfies the reflection equation (RE)

R12(u1−u2)K
−
1 (u1)R21(u1+u2)K

−
2 (u2) =

K−
2 (u2)R12(u1+u2)K

−
1 (u1)R21(u1−u2), (2.4)

and the latter satisfies the dual RE

R12(u2 − u1)K
+
1 (u1)R21(−u1 − u2 − 2η)K+

2 (u2) =

K+
2 (u2)R12(−u1 − u2 − 2η)K+

1 (u1)R21(u2 − u1). (2.5)

For open spin-chains, instead of the standard “row-to-row” monodromy matrix T (u) (2.3),

one needs to introduce the “double-row” monodromy matrix T(u) = T (u)K−(u)T−1(−u).

Then the double-row transfer matrix is given by

τ(u) = tr(K+(u)T(u)). (2.6)

– 2 –
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The QYBE and (dual) REs lead to that the transfer matrices with different spectral pa-

rameters commute with each other [3]: [τ(u), τ(v)] = 0. This ensures the integrability of

the inhomogeneous spin-1
2 XXZ chain with open boundary.

In this paper, we will consider a generic K-matrix K−(u) which is a generic solution

to the RE (2.4) associated the six-vertex model R-matrix [12, 13]

K−(u) =

(

k1
1(u) k1

2(u)

k2
1(u) k2

2(u)

)

≡ K(u). (2.7)

The coefficient functions are

k1
1(u) =

2 cos(λ1 − λ2) − cos(λ1 + λ2 + 2ξ)e−2iu

4 sin(λ1 + ξ + u) sin(λ2 + ξ + u)
,

k1
2(u) =

−i sin(2u)e−i(λ1+λ2)e−iu

2 sin(λ1 + ξ + u) sin(λ2 + ξ + u)
,

k2
1(u) =

i sin(2u)ei(λ1+λ2)e−iu

2 sin(λ1 + ξ + u) sin(λ2 + ξ + u)
,

k2
2(u) =

2 cos(λ1 − λ2)e
−2iu − cos(λ1 + λ2 + 2ξ)

4 sin(λ1 + ξ + u) sin(λ2 + ξ + u)
. (2.8)

At the same time, we introduce the corresponding dual K-matrix K+(u) which is a generic

solution to the dual reflection equation (2.5) with a particular choice of the free boundary

parameters with respect to K−(u):

K+(u) =

(

k+1
1(u) k+1

2(u)

k+2
1(u) k+2

2(u)

)

. (2.9)

The matrix elements are

k+1
1(u) =

2 cos(λ1 − λ2)e
−iη − cos(λ1 + λ2 + 2ξ̄)e2iu+iη

4 sin(λ1 + ξ̄ − u − η) sin(λ2 + ξ̄ − u − η)
,

k+1
2(u) =

i sin(2u + 2η)e−i(λ1+λ2)eiu−iη

2 sin(λ1 + ξ̄ − u − η) sin(λ2 + ξ̄ − u − η)
,

k+2
1(u) =

−i sin(2u + 2η)ei(λ1+λ2)eiu+iη

2 sin(λ1 + ξ̄ − u − η) sin(λ2 + ξ̄ − u − η)
,

k+2
2(u) =

2 cos(λ1 − λ2)e
2iu+iη − cos(λ1 + λ2 + 2ξ̄)e−iη

4 sin(λ1 + ξ̄ − u − η) sin(λ2 + ξ̄ − u − η)
. (2.10)

The K-matrices depend on four free boundary parameters {λ1, λ2, ξ, ξ̄} which obey the

constrain conditions in [4, 5, 9]. It is very convenient to introduce a vector λ =
∑2

k=1 λkεk

associated with the boundary parameters {λi}, where {εi, i = 1, 2} form the orthonormal

basis of V such that 〈εi, εj〉 = δij .

3. Vertex-face correspondence

Let us briefly review the face-type R-matrix associated with the six-vertex model. Set

î = εi − ε, ε = 1
2

∑2
k=1 εk, for i = 1, 2. For a generic m ∈ V , define

mi = 〈m, εi〉, mij = mi − mj = 〈m, εi − εj〉, i, j = 1, 2. (3.1)

– 3 –
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Let R(u,m) ∈ End(V ⊗V ) be the R-matrix of the six-vertex SOS model, which is trigono-

metric limit of the eight-vertex SOS model [14] given by

R(u,m)=
2

∑

i=1

Rii
ii(u,m)Eii⊗Eii+

2
∑

i6=j

{

Rij
ij(u,m)Eii⊗Ejj+Rji

ij(u,m)Eji⊗Eij

}

, (3.2)

where Eij is the matrix with elements (Eij)
l
k = δjkδil. The coefficient functions are

Rii
ii(u, λ) = 1,

Rij
ij(u, λ) =

sinu sin(mij − η)

sin(u + η) sin(mij)
, i 6= j, (3.3)

Rji
ij(u,m) =

sin η sin(u + mij)

sin(u + η) sin(mij)
, i 6= j, (3.4)

and mij is defined in (3.1). The R-matrix satisfies the dynamical (modified) quantum

Yang-Baxter equation (or star-triangle equation) [14].

Define the following functions: θ(1)(u) = e−iu, θ(2)(u) = 1. Let us introduce two

intertwiners which are 2-component column vectors φm,m−ηĵ(u) labelled by 1̂, 2̂. The k-th

element of φm,m−ηĵ(u) is given by

φ
(k)

m,m−ηĵ
(u) = θ(k)(u + 2mj). (3.5)

Explicitly,

φm,m−η1̂(u) =

(

e−i(u+2m1)

1

)

, φm,m−η2̂(u) =

(

e−i(u+2m2)

1

)

. (3.6)

Obviously, the two intertwiner vectors φm,m−ηî(u) are linearly independent for a generic

m ∈ V .

Using the intertwiner vectors, one can derive the following face-vertex correspondence

relation [5]

R12(u1 − u2)φm,m−ηı̂(u1) ⊗ φm−ηı̂,m−η(̂ı+̂)(u2) =
∑

k,l

R(u1 − u2,m)kl
ijφm−ηl̂,m−η(l̂+k̂)(u1) ⊗ φ

m,m−ηl̂
(u2). (3.7)

Then the QYBE (2.2) of the vertex-type R-matrix R(u) is equivalent to the dynamical

Yang-Baxter equation of the SOS R-matrix R(u,m). For a generic m, we can introduce

other types of intertwiners φ̄, φ̃ satisfying the conditions,

2
∑

k=1

φ̄
(k)
m,m−ηµ̂(u) φ

(k)
m,m−ην̂(u) = δµν ,

2
∑

k=1

φ̃
(k)
m+ηµ̂,m(u) φ

(k)
m+ην̂,m(u) = δµν . (3.8)

One may verify that the K-matrices K±(u) given by (2.7) and (2.9) can be expressed in

terms of the intertwiners and diagonal matrices K(λ|u) and K̃(λ|u) as follows

K−(u)st =
∑

i,j

φ
(s)
λ−η(̂ı−̂), λ−ηı̂

(u)K(λ|u)ji φ̄
(t)
λ, λ−ηı̂(−u), (3.9)

K+(u)st =
∑

i,j

φ
(s)
λ, λ−η̂(−u)K̃(λ|u)ji φ̃

(t)
λ−η(̂−ı̂), λ−η̂

(u). (3.10)
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Here the two diagonal matrices K(λ|u) and K̃(λ|u) are given by

K(λ|u) ≡ Diag (k(λ|u)1, k(λ|u)2)

= Diag

(

sin(λ1 + ξ − u)

sin(λ1 + ξ + u)
,

sin(λ2 + ξ − u)

sin(λ2 + ξ + u)

)

, (3.11)

K̃(λ|u) ≡ Diag
(

k̃(λ|u)1, k̃(λ|u)2

)

= Diag

(

sin(λ12−η) sin(λ1+ξ +u+η)

sinλ12 sin(λ1 + ξ − u − η)
,

sin(λ12+η) sin(λ2+ξ+u+η)

sin λ12 sin(λ2 + ξ − u − η)

)

. (3.12)

Although the K-matrices K±(u) given by (2.7) and (2.9) are generally non-diagonal (in

the vertex form), after the face-vertex transformations (3.9) and (3.10), the face type

counterparts K(λ|u) and K̃(λ|u) simultaneously become diagonal. This fact enables us

to apply the generalized algebraic Bethe ansatz method developed in [15] for SOS type

integrable models to diagonalize the transfer matrices τ(u) (2.6).

The decomposition of K+(u) (3.10) and the diagonal property (3.12) lead to the re-

casting of the transfer matrix τ(u) (2.6) in the following face type form

τ(u) = tr(K+(u)T(u)) =
∑

µ,ν

K̃(λ|u)µνT (λ|u)νµ =
∑

µ

k̃(λ|u)µT (λ|u)µµ. (3.13)

Here we have introduced the face-type double-row monodromy matrix T (m|u)

T (m|u)νµ =
∑

i,j

φ̃
(j)
m−η(µ̂−ν̂),m−ηµ̂

(u) T(u)jiφ
(i)
m,m−ηµ̂(−u). (3.14)

This face-type double-row monodromy matrix can be expressed in terms of the face type

R-matrix R(m|u) (3.2) and K-matrix K(λ|u) (3.11) (for the details, see equation (4.19)

of [15]).

As in [6], let us introduce operators:

A(m|u) ≡A(1)(m|u) =T (m|u)11, B(m|u) =
T (m|u)12
sin(m12)

, C(m|u) =
T (m|u)21
sin(m21)

, (3.15)

D(m|u) ≡D(1)(m|u) =
sin(m12 + η)

sin(m12)

{

T (m|u)22−R(2u,m + η1̂)2 1
1 2A

(1)(m|u)
}

. (3.16)

We remark that the transfer matrix τ(u) (2.6) can be expressed in terms of the operators

A(1) and D(1). It was found in [6] that one can construct a reference state, denoted by

|Ω(1)(λ)〉,

|Ω(1)(λ)〉 = φλ−(N−1)η1̂,λ−Nη1̂(−z1) ⊗ φλ−(N−2)η1̂,λ−(N−1)η1̂(−z2) · · · ⊗ φλ,λ−η1̂(−zN ),

(3.17)

in the sense that the state is common eigenstate of the operators A(1) and D(1) and is

annihilated by C (c.f. (4.6)). The associated Bethe states can be constructed by applying

the “creation operator” B on the corresponding reference state

|v1, . . . , vM 〉(1) = B(λ − 2η1̂|v1)B(λ − 4η1̂|v2) · · · B(λ − 2Mη1̂|vM )|Ω(1)(λ)〉. (3.18)
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If the parameters {vk} satisfy the following Bethe Ansatz equations,

sin(λ2 + ξ + vα) sin(λ2 + ξ̄ − vα) sin(λ1 + ξ̄ + vα) sin(λ1 + ξ − vα)

sin(λ2+ξ̄+vα+η) sin(λ2+ξ−vα−η) sin(λ1+ξ+vα+η) sin(λ1+ξ̄−vα−η)

=
M
∏

k 6=α

sin(vα + vk + 2η) sin(vα − vk + η)

sin(vα + vk) sin(vα − vk − η)

×

2M
∏

k=1

sin(vα + zk) sin(vα − zk)

sin(vα + zk + η) sin(vα − zk + η)
, α = 1, . . . ,M, (3.19)

the Bethe state |v1, . . . , vM 〉(1) becomes the eigenstate of the transfer matrix with eigenvalue

Λ(1)(u) given by [6]

Λ(1)(u) =
sin(λ2 + ξ̄ − u) sin(λ1 + ξ̄ + u) sin(λ1 + ξ − u) sin(2u + 2η)

sin(λ2 + ξ̄ − u − η) sin(λ1 + ξ̄ − u − η) sin(λ1 + ξ + u) sin(2u + η)
(3.20)

×
M
∏

k=1

sin(u + vk) sin(u − vk − η)

sin(u + vk + η) sin(u − vk)

+
sin(λ2 + ξ̄ + u + η) sin(λ1 + ξ + u + η) sin(λ2 + ξ − u − η) sin 2u

sin(λ2 + ξ̄ − u − η) sin(λ1 + ξ + u) sin(λ2 + ξ + u) sin(2u + η)

×

M
∏

k=1

sin(u + vk + 2η) sin(u − vk + η)

sin(u + vk + η) sin(u − vk)

2M
∏

k=1

sin(u + zk) sin(u − zk)

sin(u + zk + η) sin(u − zk + η)
.

4. Second reference state and associated Bethe states

Let us introduce the second reference state |Ω(2)(λ)〉,

|Ω(2)(λ)〉 = φλ−(N−1)η2̂,λ−Nη2̂(−z1) ⊗ φλ−(N−2)η2̂,λ−(N−1)η2̂(−z2) · · · ⊗ φλ,λ−η2̂(−zN ), (4.1)

and the associated operators A(2) and D(2) which are linear combinations of {T (m|u)ii},

A(2)(m|u) =
sin(m21 + η)

sin(m21)
{T (m|u)11 − R(2u,m + η2̂)1 2

2 1D
(2)(m|u)}, (4.2)

D(2)(m|u) = T (m|u)22. (4.3)

Using the technique developed in [15], after tedious calculations, we find that the state

|Ω(2)(λ)〉 given by (4.1) is exactly the reference state in the following sense,

A(2)(λ − Nη2̂|u)|Ω(2)(λ)〉 =
sin 2u sin(λ2 + ξ + u + η) sin(λ1 + ξ − u − η)

sin(2u + η) sin(λ2 + ξ + u) sin(λ1 + ξ + u)
(4.4)

×

{

N
∏

k=1

sin(u + zk) sin(u − zk)

sin(u + zk + η) sin(u − zk + η)

}

|Ω(2)(λ)〉,

D(2)(λ − Nη2̂|u)|Ω(2)(λ)〉 =
sin(λ2 + ξ − u)

sin(λ2 + ξ + u)
|Ω(2)(λ)〉, (4.5)

B(λ − Nη2̂|u)|Ω(2)(λ)〉 = 0, (4.6)

C(λ − Nη2̂|u)|Ω(2)(λ)〉 6= 0. (4.7)

– 6 –
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Then the second set of Bethe states can be constructed by applying the “creation operator”

C on the reference state |Ω(2)(λ)〉 (c.f. (3.18))

|v1, . . . , vM 〉(2) = C(λ − 2η2̂|v1)C(λ − 4η2̂|v2) · · · C(λ − 2Mη2̂|vM )|Ω(2)(λ)〉. (4.8)

One may check that the transfer matrix τ(u) (2.6) is a linear combination of the operators

A(2) and D(2)

τ(u) =
sin(λ1 + ξ̄ + u + η)

sin(λ1 + ξ̄ − u − η)
A(2)(λ|u)

+
sin(λ1 + ξ̄ − u) sin(λ2 + ξ̄ + u) sin(2u + 2η)

sin(λ1 + ξ̄ − u − η) sin(λ2 + ξ̄ − u − η) sin(2u + η)
D(2)(λ|u). (4.9)

Carrying out the generalized Bethe Ansatz [6, 15], we finally find that if the parameters

{vk} satisfy the second Bethe Ansatz equations (comparing with the first ones (3.19)),

sin(λ1 + ξ + vα) sin(λ1 + ξ̄ − vα) sin(λ2 + ξ̄ + vα) sin(λ2 + ξ − vα)

sin(λ1+ξ̄+vα+η) sin(λ1+ξ−vα−η) sin(λ2+ξ+vα+η) sin(λ2+ξ̄−vα−η)

=

M
∏

k 6=α

sin(vα + vk + 2η) sin(vα − vk + η)

sin(vα + vk) sin(vα − vk − η)

×
2M
∏

k=1

sin(vα + zk) sin(vα − zk)

sin(vα + zk + η) sin(vα − zk + η)
, α = 1, . . . ,M, (4.10)

the Bethe states |v1, . . . , vM 〉(2) yield the second set of the eigenstates of the transfer matrix

with the eigenvalues,

Λ(2)(u) =
sin(2u + 2η) sin(λ1 + ξ̄ − u) sin(λ2 + ξ̄ + u) sin(λ2 + ξ − u)

sin(2u + η) sin(λ1 + ξ̄ − u − η) sin(λ2 + ξ̄ − u − η) sin(λ2 + ξ + u)
(4.11)

×

M
∏

k=1

sin(u + vk) sin(u − vk − η)

sin(u + vk + η) sin(u − vk)

+
sin(2u) sin(λ1 + ξ̄ + u + η) sin(λ2 + ξ + u + η) sin(λ1 + ξ − u − η)

sin(2u + η) sin(λ1 + ξ̄ − u − η) sin(λ2 + ξ + u) sin(λ1 + ξ + u)

×
M
∏

k=1

sin(u + vk + 2η) sin(u − vk + η)

sin(u + vk + η) sin(u − vk)

2M
∏

k=1

sin(u + zk) sin(u − zk)

sin(u + zk + η) sin(u − zk + η)
.

Note that the normalizations adopted in this paper for the R- and K-matrices are different

from those used in [9]. After rescaling an overall factor sin(λ1 + ξ̄ − u − η) sin(λ2 + ξ̄ −

u − η) sin(λ1 + ξ + u) sin(λ2 + ξ + u)
∏N

k=1 sin(u + zk + η) sin(u − zk + η) and setting

all inhomogeneous parameters zk = 0, our two eigenvalues {Λ(i)(u)} recover those in [9].

Therefore two sets Bethe states {|v1, . . . , vM 〉(i)} (3.18) and (4.8) together constitute the

complete eigenstates of the transfer matrix τ(u) (2.6).

5. Results for the Gaudin model

In order to study the associated Gaudin model, we need further restrict ξ̄ = ξ [6]. Follow-

ing [16, 17] one can introduce the corresponding Gaudin operators {Hj} by expanding the

– 7 –
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double-row transfer matrix τ(u) (2.6) at the point u = zj around η = 0:

τ(zj) = id + ηHj + O(η2), with Hj =
∂

∂η
τ(zj)|η=0, j = 1, . . . , N, (5.1)

where

Hj = Γj(zj) +

2M
∑

k 6=j

1

sin(zj − zk)

{

σ+
k σ−

j + σ−
k σ+

j + cos(zj − zk)
σz

kσ
z
j − 1

2

}

+
2M
∑

k 6=j

K−1
j (zj)

sin(zj + zk)

{

σ+
j σ−

k + σ−
j σ+

k + cos(zj + zk)
σz

j σz
k − 1

2

}

Kj(zj), (5.2)

where

Γj(u) =
∂

∂η
{K̄j(u)}|η=0Kj(u) j = 1, . . . , N,

with

K̄j(u) = tr0

{

K+
0 (u)R0j(2u)R0j(0)

}

.

The commutativity of the transfer matrices {τ(zj)} for a generic η implies [Hj ,Hk] = 0,

for i, j = 1, . . . , N . Thus the Gaudin system defined by (5.2) is integrable. Moreover the

relation (5.1) between {Hj} and {τ(zj)} enable us to extract the eigenstates of the Gaudin

operators and the corresponding eigenvalues from the results obtained in last section.

Let us introduce states |Ω̄(i)(λ)〉,

|Ω̄(i)(λ)〉 =

(

ei(z1−2λi)

1

)

⊗ · · · ⊗

(

ei(zN−2λi)

1

)

, i = 1, 2. (5.3)

These states can be obtained from the reference states |Ω(i)(λ)〉 by taking the limit:

|Ω̄(i)(λ)〉 = limη→0 |Ω
(i)(λ)〉. Let us introduce a matrix C(u) ∈ End(V ) associated with the

intertwiner vector φ (3.5)

C(u) =

(

e−i(u+2λ1) e−i(u+2λ2)

1 1

)

, (5.4)

and the corresponding gauged Pauli operator σ±(u) ∈ End(V ): σ±(u) = C(u)σ±C(u)−1.

Then we can construct states Ψ(i)(x1, . . . , xM ):

Ψ(1)(x1, . . . , xM ) =

M
∏

α=1

(

2M
∑

k=1

{

sin(λ1 + ξ − xα) sin(xα − zk + λ12)

sin(λ1 + ξ + xα) sin(xα − zk)
(5.5)

−
sin(λ2 + ξ − xα) sin(xα + zk − λ12)

sin(λ2 + ξ + xα) sin(xα + zk)

}

σ−
k (−zk)

)

|Ω̄(1)(λ)〉,

Ψ(2)(x1, . . . , xM ) =

M
∏

α=1

(

2M
∑

k=1

{

sin(λ2 + ξ − xα) sin(xα − zk − λ12)

sin(λ2 + ξ + xα) sin(xα − zk)
(5.6)

−
sin(λ1 + ξ − xα) sin(xα + zk + λ12)

sin(λ1 + ξ + xα) sin(xα + zk)

}

σ+
k (−zk)

)

|Ω̄(2)(λ)〉.
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Noting the relations (5.1) and using the same method as in [6], we find that if the

parameters {xk} satisfy the following Bethe Ansatz equations

2
∑

j=1

1

sin(λj + ξ − xα) sin(λj + ξ + xα)
+

2M
∑

k=1

1

sin(xα + zk) sin(xα − zk)

= 2

M
∑

k 6=α

1

sin(xα + xk) sin(xα − xk)
, α = 1, . . . ,M, (5.7)

the two sets of states Ψ(i)(x1, . . . , xM ) constitute the entire eigenstates of the Gaudin

operators

HjΨ
(i)(x1, . . . , xM ) = EjΨ

(i)(x1, . . . , xM ), i = 1, 2. (5.8)

The functions Ej is

Ej = cot 2zj +
2

∑

j=1

cot(λj + ξ − zj) +
M
∑

k=1

sin 2zj

sin(xk − zj) sin(xk + zj)
. (5.9)

6. Conclusions

We have studied the second reference state of the open XXZ spin chain with non-diagonal

boundary term, which leads to the second set of Bethe state (4.8). These Bethe states give

rise to the corresponding Bethe Ansatz equations (4.10) and eigenvalues (4.11) proposed

in [10, 9] by the functional Bethe Ansatz method. In the quasi-classical limit, two sets of

Bethe states (5.5) and (5.6) constitute the complete eigenstates of the associated Gaudin

model.

Very recently, an exact solution of the eigenvalue of the transfer matrix of open XXZ

spin chain for arbitrary boundary parameters was proposed by functional Bethe Ansatz [18]

and by representation of q-Onsager algebra [19]. It would be interesting to rederive their

results in the framework of algebraic Bethe Ansatz. Moreover, such structure of multiply

reference states found here also appears in open spin chains associated with higher rank

algebras [20].
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